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ABSTRACT 


A  method  for  solving  problems  ©f  plane  pnlse  diffraction  by  a 
perfectly  conducting  iredge  is  described.  The  method  is  extended  to  give  results 
Tdien  a  conductive  half -plane  lies  on  the  surface  between  two  distinct  isotropic 
media  of  different  dielectric  properties. 


THE  DIFFRACTION  AND  HEFRAGTION  OF  PLaME  PULSES 

IMTRODIJCTION 

Both  in  the  theory  of  acoustics  •which  describes  the  propagation  of 
infini’bessimal  disturbances,  and  in  "the  closely  rela'bed  electromagnetic  theory, 
research  into  the  propagation  of  aperiodic  distiirbances  has  been  overshadowed  by 
research  into  -the  beha-vlor  of  disturbances  varying  sinusoidally  with  time.  It  is 
possible  to  use  a  Fourier  in'tegral  method  -to  in'vestiga'be  aperiodic  disturbances 
•within  a  single  homogeneous  medium,  but  Graggs  (1956,  1957)  points  out  that  such 
a  method  is  useless  in  cases  •sdien  total  reflexion  is  to  be  expec^ted  at  •the  surface 
of  discontinuity  be-tween  two  homogeneous  media, 

Fiiedlander  (1958)  has  recently  published  an  excellent  monograph  in  which 
he  discusses  •the  behavior  of  acoustic  pulses.  He  does  not,  however,  gi^ve  much 
attention  to  the  refraction  of  pulses  in  spl^be  of  ha-ving  derived  (Friedlander^  19U8) 
an  in^teresting  result  in  this  subject.  We  already  know  -what  combination  of '  ref lec^ted 
and  refrac^ted  pulses  can  tra^vel  along  an  infini^te  plane  surface  betureen  two  media 
•with  an  incident  pulse  ha^ving  a  s^bep-func^tion  time  dependence,  Friedlander  found  the 
nature  of  the  disturbance  in  •the  second  medium  when  the  angle  of  incidence  of  the 
pulse  in  the  first  medium  is  large  eno\i^  for  total  reflexion  to  occur.  The  manner 
in  udiich  such  a  s^teadily  tra^veling  disturbance  can  be  set  up  is  not  known. 

The  first  aim  of  •this  research  is  to  learn  how  a  plane  pulse  in  one 
medium  sets  up  a  disturbance  in  a  second  e'vsn  in  the  case  of  total  reflexion.  The 
second  aim  is  to  find  a  solu^tion  to  •the  problem  of  diffraction  in  the  presence  of 
a  refrac^ting  surface.  There  is  no  kno'wn  solution  for  -this  problem  in  •the  case  of 
s^beady  sinusoidal  excitation,  even  in  •the  simplest  extention  of  the  classical  prob¬ 
lem  of  half -plane  diffraction,  idien  •we  take  the  obstacle  to  lie  on  •the  surface 
separating  two  distinct  homogeneous  regions.  The  powerful  method  of  Wiener  and  Hopf 
gives  no  usable  result* 


Graggs  (1956 j  1957)  has  shonsn  that  an  asstauption  of  dynamic  similarity 
may  be  tiseful  in  this  type  of  problem.  Thus  ishen  in'^stigating  a  scalar  function 
s  (r,  0  j  t)  "Ahich  satisfies  within  a  single  medium  the  wave  equation 

g"\7s  =  ,  CO 

where  c  is  the  constant  velocity  of  propagation^  we  may  take  =  r/t  to  be 
a  new  independent  variable.  Then  equation  1  becomes 

1^=0.  C^) 


r  ^  \  ^  1)  9 

For  ^  >  c,  equation  2  is  hyperbolic;  it  may  be  reduced  to  the  canonical 


form 


r 


by  the  transformation  ^ 


^  o 

J 

c  sec  L/-  o  The  general  solution  of  this  equation  is 


f(n^_0) 


r 


0)  . 


(a) 


where  f  and  g  are  arbitrary  functions j  constant  on  the  family  of  characteristics 
^  -  Q  ta  constant,  and  ^  ®  «  constant,  respectively.  In  the  plane  with  polar 
co-ordinates  ^  ^  these  characteristics  are  tangents  to  the  circle  ^  ®C  ; 

it  is  necessary  to  regard  the  parts  of  a  tangent  on  opposite  sides  of  the  point  of 
contact  as  distinct  and  of  opposite  family. 


For  c,  equation  2  is  elliptic.  It  reduces  to 


Ts 


under  the  transformation 


-h 


1 


T?  =  o 

'I)  ©"  " 

=  c  sech  (-y)  .  The  sign  of  V  is  chosen  so  that 


V  as^—^  0.  It  is  convenient  to  introduce  the  conjugate 

harmonic  function  &)  so  that  the  function  W'  =>  S  +  IT  is  analytic  in  the 

1; 

region  of  the  CV,0)  plane  which  corresponds  to  c.  It  follows  that 

5s/3y  ^  3y/Qg) .  3L 


Equations  3  and  U  show  the  technical  start  in  the  solution  of  a 
number  of  physical  problems.  In  electromagnetic  theory,  by  considering  problems 
in  cylindricai  polar  co-ordinates  (r,  •9  z)  in  which  the  field  components  are 
independent  of  z,  s(r,  t)  may  represent  either  the  field  component  E^  or  . 
From  Maxwell's  equations  we  can  write  down  equations  for  the  remaining  field  com¬ 
ponents  in  both  an  E-  and  an  H-polarization.  These  are 

and 


The  problem  to  be  examined  all  involve  infinite  prisms  with  the  line 
r=0  for  apex.  We  set  up  a  system  of  plane  pulses  traveling  towards  the  apex  so 
that  behind  the  pulse  fronts  all  the  appropriate  boundary  conditions  are  satisfied. 
We  take  the  moment  when  the  incident  pulses  reach  the  apex  to  be  t  =  0,  and  we 
assume,,  in  the  absence  of  a  fundamental  length  in  the  geometry,  that  the  subsequent 
disturbance  is  one  in  which  there  is  dynamic  similarity.  We  take  the  prism  to  be 
bounded  externally  by  perfectly  conducting  walls. 

First  we  shall  derive  in  Part  1  the  results  for  pulse  diffraction  within 
a  homogeneous  prismj  these  results  may.be  compared  with  those  established  pre¬ 
viously  {see  e.  g.  Fiiedlander,  19^8). 

We  .shall  then  extend  the  method  in  Part  2  to  find  a  solution  in  the  case 
when  a  half-plane  with  its  edge  at  the  origin  lies  on  the  surface  vftiich  separates 
two  distinct  isotropic  media.  We  set  as  the  restriction  on  the  angle  of  incidence 
the  Condition  that  the  incident  pulses  shall  be  contained  in  one  medium  only. 


^  (^E-  cy 
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PART  I. 


PULSE  DIFFRACTION  Hi  A  HOMOGENEOUS  MEDIUM 
BI  A  HALF-PLANE  AND  BY  A  TIVEDGE 


Consider  the  case  of  a  perfectly  conducting  half -plane  in  the  diffrac¬ 
tion  problem  Tshere  S  =  B  and  the  appropriate  boundary  condition  on  the 

z 

half -plane  is  that  =  O  .We  set  up  a  plane  pulse  traveling  with 

velocity  c,  and  -with  a  step  fiinction  time  dependence  of  unit  amplitude.  There  are 
two  cases  which  need  separate  examination,  that  (case  a  )  with  the  pulse  traveling 
towards  the  edge  of  the  half -plane  from  the  unbifurcated  region  at  an  arbitrary  angle, 
and  that  (case  b  )  with  the  pulse  traveling  along  the  half -plane  towards  the  edge, 
at  oblique  incidence.  We  take  the  moment  when  the  incident  pulse  meets  the  edge  to 
be  t*0«  IRie  distinction  between  the  two  cases  is  needed  since,  in  order  to  satisfy 
the  boundary  condition  on  the  half -plane  for  t<0  in  case  (b),  we  must  introduce 
the  associated  reflected  pulse.  The  conditions  on  our  problem  at  t*0  are  shown  in 
the  figures  1.  In  each  case  w©  taRe  the  incident  pulse  to  make  an  angle  with 
the  normal  to  the  half -plane  with  o<  =.  'tx/z  •  We  fix  the  co-ordinates  by  taking 
the  origin  at  the  edge  of  the  half -plane  9c  0  or  d  c.  2  . 


Under  the  assumption  of  dynamic  similarity,  we  may  examine  the  nature  of 
the  solution  for  ^  ^  °  ^  ^  plane.  Since  for  t-^  0^  , 

we  find  that  the  initial  conditions  of  the  problem  fix  the  boundary  conditions  on 
equation  3  for  .  The  use  of  characteristics  theory  shows  us  that  for 

^  ^  c  there  are  a  nxmber  of  uniform  regions  separated  by  lines  of  discon¬ 
tinuity  Tfiiich  are  depicted  in  figure  2.  The  results  are  precisely  those  of 
geometrical  optics.  The  lines  of  discontinuity  are  pulse  fronts.  These  results 
determine  the  value  of  s  on  0  =  C» 
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Thus  on 


»»s,  («.)  ,,  ft  ^;r-«  «»-«  j  c^r.^f- 

For  the  region  <  c  it  follows  from  equation  U  iAiat  the 

problem  becomes  that  of  finding  a  function  w{y  +10)  s  ♦  it  satisfies 

the  boundaiy  condition on  »  0,  2  rr  ,  and  on  V  ■  0  (i.e.^l  •  c  ),  and 

which  is  analytic  within  the  semi -infinite  strip  Y>  0,  0<  0  <  2  ?!“  ,  We 

make  the  conformal  transformation  ^  ^  >  which  maps  this  semi¬ 

infinite  strip  into  the  upper  half  of  the  coii5>lex  ^  -plane.  Then  the  function 

,  regarded  as  a  function  of  the  complex  variable  f  ^  ^ 

must  satisJ^  the  following  conditions: 

i)  To  coirespond  to  the  boundaiy  condition  on  the  half -plane,  it  follows 
that  X is  real  on  the  segment  of  the  real  axis  j  ^  j  <_  1* 

ii)  To  correspond  to  the  boundary  condition  that  s  is  piecewise  constant 
on  the  ci+ck  0  '  C  j  it  follows  that  is  imaginary  on  the  remainde 


V 

s  =  2, 

1-0  r 

o  < 

6 

1 

r  ^ 

/6  < 

Q 

S  -  1 

ra'T^ 

1 

CD 

II 

o 

Per  . 

i  < 

tA^  co^se 

>  1 

5  ^  TT-  '< 

ik. 

Im-  • 


is  imaginary  on  the  remainder 


of  the  real  axis  (  j  >  /  ),  except  peihaps  at  points  where  s  is  discontin¬ 


uous. 


ill)  Singtilaiities  of  are  to  be  expected  only  at  the  points 

^^  ±1  ^  ^=0  i  as  well  as  at  the  points  ^  -  sec  ,  sec 

in  case  (a),  and  at  sec  (  TT  i:  o(  )/2  in  case  (b). 
iv)  Since  on  physical  grounds  the  magnetic  field  in  this  polarization  is 
assumed  finite,  no  singularity  of  may  be  of  higher  order  than  a 

simple  pole . 

v)  The  point  at  infinity  in  the  -plane  corresponding  to  the  ordinaiy 

point  ^  "  c,  0  =  71  in  the  )  plane  must  be  an  ordinary  point 


point  i  -  c,  0  =  TT'  in  the  (  1  ^  ^  )  plane  must  be  an  ordinary  point 
for  i/J  and  o  w  /  5  ,  so  that  W-0  (  1/  ^  ),  with  o  >-  O 


The  most  general  function  irtiich  satisfies  these  conditions  is 


Y  (r-'r/p.c/4  j 

Trtiere  B’  and  C*  are  real  constants  nhich  are  deteimined  by  the  discontinuities 
in  s  at  the  points  B  and  C  in  the  0  )  plane.  To  find  the  constant  B', 

ire  integrate  round  the  small  semicircle  -j-  =  sec  <■  <^  ^ 

^  S  IT  ■  i  by  the  method  of  residues j  ire  find  C»  in  a  similar  manner.  It 


foUoirs  that  B 


'  F/z  ^  ='  v/x. 


must  equal  the  discontin¬ 


uity  in  s  on  the  circle  at  the  points  B  and  C  respectively  taken  in  the 

direction  of  increasing  B  , 


Hence, 


^  mJ  --6  r  ta'<^  /a 

""v  ^  { -  Sec  rAj^ 

The  integration  of  this  equation  is  straightforward.  Tfe  find,  after  putting 
that  it±A']  A:J)  ] 


The  real  part  of  this  equation  is 


rljCv,9)~ 


-  _  ^  f  ^  COS'CC 


J  —  /^K  CO^C  ^ 


This  formula  for  the  diffracted  field  is  exactly  that  derived  and  described  by 
Fiiedlander  a  Green's  function  method  in  his  Chapter  5* 

The  results  for  the  E -polarization  may  be  found  justr  as  easily.  For  the 
hyperbolic  region  in  the  (  ^  ^  )  plane  it  is  clear  -that  idle  reflected  pulse 

must  annul  the  incident  field  instead  «f  reinforcing  it.  Hence  with  reference  to. 


figure  2  the  region  with  s=2  becomes  a  region  with  s  =  0,  and  the  discontin- 


uity  in  s  at  B  is  changed  accordingly.  For  the  elliptic  region,  ire  need  only 
chamge  the  condition  1.  On  "Hie  half -plane  s  must  vanish,  so  that  its  tangential 


derivate  is  zero.  It  follows  that  on  the  segment  of  the  real 


^axxs 


ifi< 


IS  imaginary. 


The  fxmction  satisfying  the  new  set  of  conditions  and  with  the  coiuwct 


(I/C 

P  SI  i/^  J 


(lOj 


COS^C 

X 


discontinuities  is 

tt—  =  -i-  r  ffi-C!"  -  ~i  (10, 

"nf  /  [  J  ' 

Hence,  the  final  expression  for  s  is 

7rj^5(y;0)  ~  s{o,  9^  ^  ^  cos^c  kin 

The  analysis  of  the  problem  of  pulse  diffraction  by  a  perfectly  reflecting 
wedge  is  carried  out  in  the  same  way.  Ife  exclude,  from  this  brief  discussion,  any 
case  in  which  the  incident  front  touches  both  walls  of  the  wedge,  in  order  to  avoid 

I 

the  complication  of  multiple  reflexion  before  the  apex  is  reached.  This  leaves  us 
with  the  general  problem  for  idaich  the  wedge  angle  is  greater  than  , 

and  the  angle  ©<'  yv  idiich  an  incident  pulse  makes  with  the  normal  to  one  face 
of  the  wedge  is  smaller  than 

In  such  a  situation  we  depict  an  initial  state  in  figure  3.  We  use  the 
method  of  characteristics  to  determine  the  solution  in  the  hyperbolic  region.  This 
is  depicted  in  figure  U,  hence  we  note  that  on  the  optic  circle  1  Cx  , 

s  —  ^  ^ of  9  <  yr  (^1  ~  ^ ^ 

s=  3  for  7rCl~tx-0<  0  < 

and  <9  < 
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This  particular  situation  is  valid  if 


To  find  the  disturbance  in  the  elliptic  region,  we  use  -ttie  conformal 
transformation  ^  =  sech  (V' t  c  which  maps  the  sector  of  the  circle  ^  <  C 

o<Q< into  the  upper  half  ^  -plane.  The  conditions  which  must  be  satisfied  . 
by  the  function  exactly  those  in  the  half -plane  diffraction  problem, 

and  Indeed,  equation  10  gives  the  formula  for  ^  in  the  wedge  problem  if  we 

taJce  ^  -s.  Y  -  X  (^1 -i- °<  - ^) ,  Integration  of 

equation  10  in  this  case  also  leads  u8  to  Friedlander’s  equation  5»5«7»  (Fried- 
lander  1958). 


It  remains  to  be  emphasized  that  this  technique  and  the  conical  flow  method 
of  Buseman  (l9i;2)  are  very  closely  related.  Keller  and  Blank  (1952)  described  the 
results  of  this  method  very  fully  for  all  possible  situations  in  the  problem  of  pulse 
diffraction  by  a  wedge. 


TEOnillOAL  LIBSAEY 

B.  S.  ABMY  OEDHANOE 
ABEBBEES  FBOTING  GBOBBD,  MB. 
OBDBG'LM 
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PART  II 


PULSE  DIFFRACTION  AND  REFRACTION  IN  A  COMPOSITE  SYSTEM 

■'■■■  . . .  ■  ■  '■  '»—*«'■■■  '»  1'.  .1  ■  ■■  ■  I  ■  . .  .  ■  I 

INTRODUCTION 

The  value  of  the  technique  described  in  part  I  does  not  lie  in  the  fact 
that  it  provides  yet  another,  slightly  different  means  of  solving  the  classical 
half -plane  problem.  Indeed,  the  only  reason  for  the  inclusion  of  the  details  in 
part  I  is  to  confirm  the  value  of  the  assunqjtibn  of  dynamic  similarity  in  a  dif¬ 
fraction  problem. 


We  have  already  shovna  that  in  these  two  dimensional  problems  the  problem 
of  finding  the  vector  solutions  of  Maxwells*  equations  reduces  to  that  of  finding 
solutions  to  the  scalar  wave  equation  with  the  boundary  coordinates  s  =  O  or 
This  situation  is  exactly  analogous  to  that  in  acoustics  if  we  take  S  to  represent 
the  condensation,  so  that  the  fluid  velocity  ^  is  given  by 

t  =-  -  c."  Vs  (/.i) 

and  hence  the  radial  and  transverse  components  of  velocity  (ii,v)  are  given  by 

,  C'i) 


In  this  section  the  method  is  extended  to  give  the  solution  in  the  case 
when  a  plane  pulse  is  diffracted  by  a  half -plane  idiich  lies  between  two  regions 
of  different  physical  properties.  The  half -plane  ^  is  either  perfectly 

reflecting  or  perfectly  absorbent.  The  velocity  of  sound  in  the  fluid  of  density 
^  is  c,  and  idierever  qualification  is  necessary,  we  show  which  medium  we  are 
referring  to  by  the  suffixes  1  or  2. 


There  are  several  aspects  of  the  physical  problem  vSiich  are  of  particular 
interest.  The  singularity  at  the  apex  of  the  half -plane  is  the  only  known  result 
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in  the  steady  state  problem.  Meixner  (19514-)  >  'Who  examined  the  power  series  expansion 
of  the  solution  of  the  reduced  wave  equation  corresponding  to  a  sinusoidal  time 
dependence  found  the  edge  singularity  in  this  geometry  to  be  unaffected  by  the  dis¬ 
continuity  in  physical  properties. 

The  manner  in  which  a  distTuhance  passes  from  one  medium  into  another  has 
not  been  discussed  before.  Of  course,  the  Fresnel  coefficients  for  stea(fy  plane  pulse 
reflexion  and  refraction  at  a  plane  sxxrface  are  well  known,  but  these  coefficients 
are  without  meaning  when  totsil  reflexion  occurs.  Filedlander  (1914-8)  found  the  form 
of  the  disturbance  in  this  case,  but  since  both  these  situations  are  essentially 
steady  ones,  they  give  no  insight  into  the  transient  problem. 

Graggs  (1956,  1957)j  "who  has  provided  the  greater  part  of  the  basis  for 
the  method  of  solution  in  this  paper,  examined  a  situation  Involving  two  right-angled 
wedges.  No  diffraction  occurs  in  this  case,  and  there  is  no  singularity  at  the 
common  apexj  it  appears  that  his  method  need  modifying  when  diffraction  effects  occur. 
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SECTION  1 


A  HALF«PIANE  ON  THE  SURFACE-  BETWEEN  TWO  HEBIA 


We  shall  first  examine  in  detail  the  case  when  the  diffracting  obstacle 
is  a  perfect  reflecting  half -plane  (r>  0,  0  =  +  TT  )  lying  on  the  plane  of 

separation  between  two  media.  We  consider  the  siituation  in  which  the  velocity  of 


sound 


c  ^  >  in  medium  1  (r  >  0,  0;^  )  is  greater  than  that  (c^'^ 


medium  2  (r^  0,  We  put  *  m  c^  ,  and 


The  problem  is  to  examine  the  propagation  of  a  plane  pulse  in  medium  2 


which  makes  an  angle 


with  the  normal  to  the  half -plane.  As  in  part  I,  in 


order  to  make  the  assumption  of  dynamic  similarity  plausible,  we  must  set  up  as  an 
initial  state  one  udiicl:)  satisfies  all  the  appropriate  boundary  conditions.  These 
conditions  are  that  -  0  for  -"TT  and  ^  for  @  -  tt"  , 

The  conditions  at  the  common  surface  between  the  two  media  are  found  from  the  con¬ 
tinuity  of  pressure  and  normal  velocity.  Thus  for  r  >  Oj  0  *0^ 
and  =  k"  .  in  order  to  avoid  having  to  set  up  a  refracted  dis¬ 

turbance  before  the  pulse  reaches  the  edge  of  the  half -plane,  we  must  restrict  con¬ 
sideration  to  the  case  when  the  pulse  arrives  from  the  second  quadient  of  the 


( 


plane j  this  pulse  is  accompanied  by  the  reflected  pulse.  The  initial  state 


is  depicted  in  figure  5.  The  assumption  of  c^ynamic  similarity  having  been  made,  we 
must  noTiir  find  suitable  solutions  for  equations  3  and  U. 


SECTION  2 


THE  SOLUTION  IN  THE  HIEERBOLIG  REGION 


The  solution  in  the  greater  part  of  the  hyperbolic  region  is  determined  by 


the  values  of  s  as 


oo  ,  that  is  by  the  initial  conditions  of  the  prob¬ 


lem  and  it  is  found  by  the  method  of  characteristics.  There  are  two  distinct  situations. 


10 


according  as  (j)  ^  or  y  ,  where  =  sec”^(l/m)  is  the  critical  angle;  for 

^<jJ  total  reflexion  occurs.  In  the  (  '|  ,  Q  )  plane  -the  hyperbolic  region  lies 
outside  the  sonic  circle  ^  in  aiedium  1  and  ^  —  Cj_  in  medinm  2,  and  the 

•values  of  s  in  this  region  are  shown  in  figures  6  and  ‘7*  Ihe  initial  fronts 
are  represen-bed  by  the  lines  DI  and  ER.  BE  is  the  front  of  the  pnlse  reflected 
at  -the  refracting  surface,  and  when  the  point  D  is  outside  the  larger  sonic 
circle,  DT  is  the  front  of  the  refracted  pulse.  The  line  BC  which  is  a  characteris 
tic  line,  is  the  front  of  the  disturbance  -which  ha-ving  entered  medium  1  mo-ves  along 
the  interface  at  grazing  incidence  and  is  refracted  back  into  medium  2.  The  solution 
at  this  stage  is  fully  deteimined  in  the  vftiole  region  outside  the  sonic  circles  except 
within  the  triangle  ABC.  Inside  this  region  -we  introduce  the  unknown  function 
g  ( 0  )  to  represent  -the  part  <of  s  affected  by  the  disturbance  in  the  elliptic 
region  of  medium  1.  (This  is  the  function  g  of  equation  3,  with  -the  function  f 
a  constant).  The  constants  R  ahd  T  in  the  noimally  refracting  case  (figure  7* 


are  the  Fresnel  coefficients  given  by 

^  <j>  —  k  ( f  -  I  ) 

7^  f  k  -if' 

T  -  - - - i - - - , . 

/fevv  ^  ~t  W  —  I'y  ^ 

prom  figure  6  we  see  that  ^  in  medium  2 

9^  _  I  -t  2  Q  <  &<  <^  j 


Q^) 


So.  ^  I 


3  f  <9^f  ^ 

S,  =  ^  for  0  <7r  ^ 

•while  s=0  on  ^  =Cj  in  medim  1.  From  figure  7  we  see  that  on  "I*  medium  2. 

-  K  -t  ^  O  ^9  <  , 

=  I  -f  R,  ^  , 

^  Po-  <  e< 
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while 


where 


s. 

s, 


- 

in  medium  1 

^-r 

O  >  © 

=  o 

For- 

-j>e  > 
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SECTION  3 


THE  ELLIPTIC.  REGION  OF  THE  ( 


>  ^  )  PLANE 


We  use  the  conformal,  transformation 


^  ^  1  CV,  + 

to  map  the  inside  of  the  semicircle  1^=.  Oj  ^  ’-7r<  O-c.  O  into  the  lower  half  of 
the  complex  ^  -plane,  and  the  transformation 

-  -f  ^  oi  (  v;  -n  I?  ) 

to  map  the  inside  of  the  semicircle  ^  ^  ^  into  the  upper  half  of 

the  complex  -plane.  The  points  F.  0.  A.  E.  amd  C  in  medium  2  are  mapped 


the  complex 
into  the  points 


-1,  0,  1,  sec^  ,  and  l/m  respectively  while  the  points  G,  0,  A,  B, 

(or  T),  and  B  in  medium  1  are  mapped  into  the  point^-1.  Of  ni  sec^  and  1. 

Consider  first  the  solution  in  the  lower  half  of  the  ^  -plane.  Since 
s  is  piecewise  constant  on  the  semicircle  ^  ®  follows  as  in  section  I 


that 


i)  imaginary  on  the  section  of  the  real  axis  (  j  ^ 

From  the  condition  that  ^^—0  on  0  G,  it  follows  that 

ii)  real  on  the  segment  of  the  real  axis  ^  ^  . 

On  the  upper  side  of  the  line  AB  we  know  that  the  solution  takes  the  form 

)  +  constant#  It  follows  from  this  solution  and  the  condition  of  contiia- 

xdty  of  pressure  and  noimal  velocity  that 


Hence,  we  have  the  condition  that 


'll  9- 

'^S,  k  '3T' 


■/■A.*!*-/" 


Up  (  4  >  is  a  areal  valued  function  on  the  segment  m  -i  ^  Ij 


then  on  this  segment 


^  +  I 


(15) 


The  other  conditions  to  be  imposed,  as  ift  section  1,  are  that 


iv)  the  only  singularities  of  are  at  points 


♦  m,  0,  as  ■well  as  at  the  points  4  =  m  sec  cp  , 


v)  no  singTxlarity  of  “ay  be  of  higher  order  than  a  simple 


pole. 


Vi)  the  point  at  infinity  is  an  ordinaiy  point. 


It  is  of  interest  to  examine  the  function  in  the  denominator  in  equation 


l5.  This  function  is  regular  everywhere  in  the  complex  ^  -plane  except  on  the 
real  axis,  it  has  branch  points  bX  =  +  m,  1,  and  the  branches  of  the 
radicals  are  chosen  so  that  it  has  no  zeros.  The  singularity  at  -  m  is 

not  one  of  those  allowed  under  conditions  iv,  so  that  we  must  factorize  this  func¬ 
tion  in  a  manner  which  enables  us  to  remove  this  singularity  from  the  solution 
without  changing  its  complex  foim  on  the  real  axis,  for  m 

SECTION  U 


THE  FACTORIZATION  OF  THE  COMPIEX  FUNCTION 


Consider  the  complex  function  11  (  ^  )  = 

is  the  analytic  continuation  of  the  function  defined  on  the  segment  of  the  real 
axis  m  <-  1.  The  properties  ofL  are  that 


lU 


a)  as  1/ 1  ,  ^[i)  ~  ^ 

b)  L  (  ^  )  is  regiilar  in  the  infinite  strip  - 

c)  I<  C  ^  ^  fwictidn  of  ^  Tfri-thin  the  same  strip,  since 

the  continuation  of  L  (  ^  )  ^  y/^\  -t  k  j  and 

d)  L  ^  f  single  valued  in  the  cut  plane  TuilSh  one  cut  joining 

the  points  -h\^  -I  and  another  the  points  +-  h-v. ,  +  I  , 


If  WB  take  a  rectangular  contour  C  as  shoum  in  figure  9f  "with  sides 
joining  the  points  +  iN,  6^^  i-  <'  r/  i  m  and  ,■  ,  then  for 

^  Rl  (z_)$(^^<ni,  Tse  are  able  to  use  Gaudy’s  Integral  to  state 


that 


Here  the  integrand  is  sufficiently  small  as  jz  j  — >  ©o  to  allow  the  lirniti ng 
process,  N  ■— >  ^  be  carried  out  separately  at  the 

upper  and  the  lower  end  of  the  rectangle.  The  contribution  from  the  ends  of  the 
rectangle  is  vanishingly  small,  so  we  may  replace  the  contour  Integral  by  ■ttie  sum 


of  two  line  integrals 


i-L  oO 


o/ ; 


(T,.  - 1  oo 


TTC 


-f  i 

f 

i 

(p^  -  L  oO 


Each  line  integral 


-  -  L-JS) 

L_  (  -^  )  and  (  “t  )  ■ 


for  values  of  't  taken  within  the  infinite  rectangle 


)  is  uniforma]y  convergent 
•ectangle  /  <  .  Taken 


separately  each  integral  may  be  continued  analytically  into  a  complete  half -plane 
since  L__  (  ^  )  is  regular  for  fj  ^  ra.  and  ^  )  is 

regular  for  [  S/>  -m.  ,  -  • 


Now  since 


X  =x  / 


-4  40 


6,-c^  -/ j 
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and  since  in 


<  m 


^  L  (z)  is  a  real  function  of  z,  for  real  values  of  ^ 


the  integrand  is  the  sxrai  of  complex  conjugates,  and  the  integral  is  therefore  real 


for  any  real  value  of  1  -m.  Likewise  L 


k.  (/  ) 


is  real  on  the  real  axis 


■ffe  may  therefore  write 


~  L_{i)  = 

and  we  see  that  the  function  on  either  side,  of  this  equation  is 


i'(^) 


1)  reg\3lar  in  the  half -plane  EL  ( -^  )<  m, 

2)  real  on  the  real  axis  in  EL  (  ^  )<  m,  ^ 

and  3)  has  the  branch  points  and  the  complex  behavior  ofj^M  (  ^  ^  ^ 

half -plane  EL  ( ^  ^  m. 

It  is  also  easy  to  show  that  ~  ^  ~  ~  ^  ^  ^  ^ 

consequence  of  the  even  nature  of  the  function  L  (z). 


In  its  present  form,  the  integral  (  ^  )  is  not  very  suitable  for 
computation.  However,  we  may  add  to  this  line  integral  one  for  which  the  integral 
is  taken  round  a  semicircle  of  infinite  radius.  The  path  of  integration  is  thus 
closed  without  changir^  the  value  of  the  integral.  The  integrand  has  branch  points 
at  z  ■  -  m  and  '  z  =  -1,  within  the  contour.  The  path  of  integration  may  now  be 


deformed  into  a  loop  encircling  the  cut,  so  we  find  that 

.  ...  y  J  ^  //  ^ 


TT-  Z 


X  -  W.'') 


This  integrand  may  be  expanded  in  an  ascending  series  of  powers  of  (  m  *j)} 


the  integration  of  the  coefficients  of  this  expansion  itv ascending  powers  of 


(  1  -  m  )  is  then  easily  carried  out. 
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SECTION  5 


THE  SOLUTION  IN  THE  ELLIPTIC  BEGION 


The  expression  vihich  represents  the  solution  to  the  problem  and  inhich 
satisfies  the  conditions  in  section  3  nay  now  be  .written  down.  The  most  general 
is  that  ... 


where  the  function  ^  ^  ^  been  defined  in  section  it. 

The  problem  which  remains  ii^  to  find  the  disturbance  in  the  elliptic  region 
^  <  C_3^  ^  O  <  ^  .  Now  equation  18  has  been  derived  for  general  values  of 

^  in  the  lower  half -plane  by  means  of  the  principle  of  analytic  continuation, 
and  we  may  in  turn  continue  this  solution  into  the  upper  half -plane,  because 
the  solutions  in  these  two  regions  are  linked  across  the  line  OA,  on  which  ^ 


Across  this  line  OA,  the  continuity  conditions  may  be  written  in  the 


form 


^  S/ 

r 

^  /L 

'  -  'Ivw 

f  L-i:  ' 

f-ss: 

1 

■  { 

> 

\ 

/  V. 

Since  on  the 

corresponding 

section  of  the 

real  axis 

o 

TT  ■—  -ex^/fe  -  ^  ^  r// )  J  4  —  C  S>  (  //( )  / 

1  -  M  fXl-O  J  ^ 

it  follows  from  equations  19  and  20  that 


^''IcTT 

^7- 


j 


on  the  section  of  the  real  axis  0^  1 

The  function  T<  (,  I  ^  is  regular  in 

the  half -plane  El  (  f»~  )  <  1>  it  is  real  on  the  real  axis  in  this  domain  of 


The  function 


is  regular  in 


regularity  and  it  has  the  conqjlex  behavior  and  the  branch  points  of  the  function 


I  -f  ~  f  ^^'^in  the  half -plane  "BX  {  )p  -1. 

(<  V  /  -  -/v  7 

As  in  the  case  of  the  other  elliptic  region  tub  e3q)ect  the  function 


to  have  the  properties  that 

1)  it  has  singularities  at  ^  =  0,  +  |  ^  +  l/m  and  +  sec  , 

2)  the  point  at  infinity  is  an  ordinary  point, 

3)  it  is  imaginary  on  the  real  —  axis  -when  'y  <  -1  and 

it  is  real  on  the  real  -axis  idien  -1  <  <0. 

There  is,  however,  a  branch  point  at  =  -l/m  in  the  expression  on  the  right- 

hand  side  of  equation  21.  The  only  possible  way  in  which  the  expression  18,  irtiich 
has  the  correct  behavior  in  the  lower  half -plane,  may  be  continued  into  an  expres¬ 
sion  correct  in  the  upper  region  is  to  take  A  =  Oj  there  is,  therefore,  only  the 
constant  B  which  remains  to  be  found. 

SECTION  6 

THE  DETEEMIMTION  OF  THE  CONSTANT  B 


It  will  be  remembered  that  in  the  figures  Ij.  and  ws  have  distinct 
representations  of  the  problem  for  the  cases  when  m  sec  ^  c,  1  and  vflien 
m  sec  ^  1.  In  the  case  of  supercritical  incidence  shown  in  figure  $ 

we  may  use  the  method  of  residues  to  relate  the  discontinuity  on  the  sonic  circle 
either  at  the  point  T  or  at  the  point  E;  we  find  the  same  result  in  each  case. 


It  follows  that 
~ _  2,  hri''  k 


Y^Qc^<f  ^  -I  ~i)  2 
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and  hence  that 


0  ^  oe  k  ^  ^ ' 


In  the  subcritical  case  ndth  m  sec^<  1,  the  discontinuities  at  the 
points  D  and  E  in  figure  6  are  related  because  DE  is  a  characteristic  line 
in  the  hyperbolic  region. .  At  the  point  D  the  discontinuity  in  s-  as  H 

»  ^  I  ^ 


increases  is  found  by  the  continuity  condition  to  be •  A 
where  ^  ^  is  jump  in  the  function  g  across  the  line  DE .  The  discontin¬ 
uity  A  at  the  point  E  is  given,  for  increasing  S’  ,  by  the  equation 


so  that 


4  ^  S,  -  X  ) 


Q,3.; 


The  real  part  of  the  residue  udien  we  integrate  the  fimctions 

round  small  semicircles  with  centres  at  the  points  «  sec  ^ 

and  =  m  sec  ^  determines  the  quantities  A  ,  and  .We 


find  that 


4  ^  c6^x/>  - 4  ^ 

^  J  (ys  U.C  f  -/^ 


and  that 


&r\  AA  — 


From  these  equations  it  follows  that 

^  ~i'  ^  X  ^ 


69 
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so  that 


fek,  <j>  -i-  k  C  ^ 


A  s, 


C  f  ^  r^ 

['oy^  ct  tH  ~k  C  ^  ^  ^ 


(,^7y 


(if-y 


.  _  s'-'V-k  exA^^-c/j  /«. 

■j^  — - 


A  comparison  between  equations  26  and  2?  and  the  corresponding  discontinuities 
T  sued  1-R  in  the  supercritical  case,  which  are  defined  by  equation  lU,  is  instruc¬ 
tive.  It  shows  that  modified  Fresnel  coefficients  R*  and  T*  given  by  the  equations 


S>,  and  R 


-  4s,  , 


may  be  used  in  the  subcritical  case  to 


determine  the  discontinuities  within  a  disturbance  at  the  front  DE  of  the  reflected 


pulse . 

,  t 

Equations  18  and  21,  with  A  *  0  and  with  B  determined  by  the 
equations  22  and  29  give  explicit  foimula  for  the  deilvatives  of  the  fixnctions 
Wj^  and  Wg  •  From  these  formulae  it  is  easy  to  write  down  the  expressions  for 
both  the  spatial  and  the  time  derivatives  of  the  condensation  s  in  the  elliptic 
regions;  the  values  of  s  or  the  values  of  the  velocity  components  may  then  be 
found  by  nimierical  integration. 
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SECTION  7 


THE  CASE  HilHEN  C^  >G^ 

In  the  preceeding  sections  to  haTO  examined  the  case  in  Tjjhich  the 
initial  disturbance  passes  into  the  medium  in  Yftiich  the  velocity  of  propagation 
is  the  greater.  The  reverse  situation  in  ishich  ^  ^  1,  is  also  of  interest. 


For  the  initial  situation  shoiiun  in  figure  to  find  the  solution  in  the 
hyperbolic  region.  This  solution  is  shown  in  figure  8.  In  particular,  to  can  see 
that  the  value  of  s^  on  the  sonic  circle  in  medium  1  is 
g  (/^/  -  ^  )  tor  0  >  -  f 

for 


T 

0 


for-^>^>~^  where  ^  -  sec  and  JQ  =  sec 

In  medium  2  on  the  sonic  circle  the  value  of  s^  Is 

2 

HR  for  O  <  ^  <  and 

2  for  ^  rr 


m  sec^  . 


The  quantities  T  and  R  are  the  Fresnel  coefficients  defined  previously  in 
equation  lii.. 


The  triangle  ABC,  which  results  from  the  refraction  of  the  disturbance  in  the 
elliptic  region  of  medium  2  which  travels  at  grazing  incidence,  is  now  in  medium 
1.  Now  the  conditions  to  be  imposed  on  ^  across  the  line  AB  is  that 

wc- 


where  P  (  )  is  a  function  which  takes  real  values  on  the  real  ^  -j 

when  ^  ^  To  remove  the  unwanted  branch  points  at  the  points 


■axis 


^  -1,  TO  must  introduce  the  factor  exp  +  M  ( 


m 


),  where 


C'K  a  \ 


This  function  is  derived  exactly  as  in  section  U  and  its  properties  are  very 
similar.  We  may  now  write  down  an  expression  for  'which  satisfies 
all  the  necessary  conditions,  and  as  before,  we  are  only  left  with  one  constant 
to  be  determihed.  Thus 


'if. 


B  a  /o 

ly\f  I  -  ‘  //-?'■  1 


It  is  necessary  to  make  "the  real  -axis  when 

^  ^ ^  l/m  to  avoid  introducting  branch  points  which  give  an  incorrect 

solution.  On  applying  the  continuity  conditions  across  OA  we  find  that 


TT  ^  — 


.  ,'B  ^1,  (  I  -  /iS'' 


(Sf) 


(ii) 


and  this  expression  satisfies  all  the  3requi.red  conditions. 


The  constant  B,  which  is  found  by  the  method  of  residues  is  given  by 
the  equation 

This  completes  the  description  of  the  calculation  of  the  velocity  and 
condensation  (or  pressure)  derivatives  in  the  acoustic  problem,  when  the  angle 
of  incidence,  as  shown  in  figure  5^  lies  in  the  range  c?  <  <^  <  ^  •  The  resiolts 
are  directly  applicable  to  the  electromagnetic  problem  in  the  magnetic  mode,  with  a 
perfectly  conducting  half -plane  provided  that  we  take  the  constant  k  to  define 
the  ratio  of  the  dielectric  constants  of  the  two  media  instead  of  the  density 
ratio. 


2^ 


SECTIOF  8 


THE  PERFECTLY  ABSORBENT  'H4I;F-PIAFE 

Ihen  we  consider  the  problem  in  which  s  ■vanishes  at  the  surface  of 
the  half -plane-,  there  is  only  a  slight  change  in  the  method  of  solution.  To  satis¬ 
fy  this  boundary  condition  the  reflected  pulse  must  annul  ins-bead  of  reinforce  -the 
incident  pulse.  The  initial  situation  must  be  changed  accordingly,  as  in  figure  10. 
For  the  solution  in  hyperbolic  region  in  the  -various  cases -we  may  refer  to  the  fig¬ 
ures  6,  7>  and  8,  if  we  reduce  the  amplitude  of  -the  disturbance  behind  the 

front  ER  by  2. 

TSithin  the  elliptic  regions  the  vanishihg  of  s  on  S  -  means 

■that  9^  —  O  on  the  line  C.  ^  ~  d:  TV'  .  Hence  ^  must 

be  imaginary  on  the  real  axis  for  -1  ^  ^  .  All  the  conditions  of  the 


Ho  solution  -which  has  an  imaginary  part  on  the  interface  bet-ween  the 
two  elliptic  regions  is  correct,  since  it  must  then,  according  to  the  continuity 
conditions  19#  contadn  -unwanted  branch  points  in  one  medium  or  the  o-ther. 

Tlhen  m  sec  ^  ^  1  the  constant  A  must  take  the  value 

'  Xhxs^c^f'  -f  f  j 
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mhen  m  sec  y  1,  total  reflexion  is  expected,  and  ■when  we  ■use  the 
method  of  residues  to  find  the  constant  A  and  its  relation  to  the  jump  across  the 
front  reflected  on  the  in'berface,  we  find  that  this  value  for  A  is  unchanged. 


■When  m  >  1  as  in  figure  the  results  in  the  elliptic  regions  are 


Here  A  must  have  the  "value 


These  re  stilts  may  also  be  used  in  the  electromagnetic  problem  in  the 
electric  mode,  with  a  perfectly  conducting  half -plane,  if  we  ■take  s  to  be  the 
quantity  /j^o  and  if  we  replace  ■the  density  ratio  k  by  the  ratio  of 

■the  permeabilities  of  the  two  media. 


S’fP'  ■  ■■  ;■■••»-■■  ■  ■-  ■  V-  _ _ _ 

... .... 

S-  AEMT  OEBIAIOB 

abeedeen  peoting  geouitb,  mb. 
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CONCLUSION 


Sy  assuming  dynamic  similaiity  in  the  solution,  we  have  found  explicit 
formulae  for  the  derivativ'ts  of  the  field  components  in  a  series  of  pulse  diffraction 
problems.  These  results  show  clearly  how  the  pulses  are  propagated  and  also  how  a 
refracted  disturbance  is  set  up  even  in  the  case  of  total  reflexion.  A  most  inter¬ 
esting  result  is  that  the  dynamically  similar  solution  for  the  problem  of  diffraction 
by  a  half -plane  r  >■  o,  0  has  the  same  form  of  solution  on  the  half- 

plane  Q  =0  within  the  smaller  sonic  circle  whether  the  media  in  the  two 

regions  0>  6>-Tr  and  0<  ©  <  TT  have  distinct  properties 

*  ,(rU  fact  ^ 

or  not.  This  statement  is  the  immediate  consequencej  that  is  either  real 

in  the  absorbent  half  plane  problem  or  pure  imaginary  in  the  other  case.  The  results 

in  the  homogeneous  medium  follow  directly-  ©Tornequationill  and  13.  Thus  for  the 

reflecting  half -plane  tho  pressure  is  constant,  and  for  the  absorbing  half -plane  the 

normal  velocity  vanisheff  on  a  steadily  expanding  section  of  the  half -plane  ^  0=  0. 

The  method  described  may  also  be  used  to  analyze  the  case  when  the 
incident  puilse  passes  into  a  medium  in  which  the  velocity  of  propagation  depends 
on  the  direction  of  motion  of  the  disturbance. 
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ii.800  Oak  Grove  Drive 
Pasadena,  California 
ATTN:  Mr.  I.  E.  Newlan 


California  Institute  of  Technology 
1201  E.  California  Street 
Pasadena,  California 
ATTN :  Dr.  C .  Papas 

Carnegie  Institute  of  Technology,  SchenlOy  Park 
Pittsburgh  13 ^  Pennsylvania 
ATTN:  Prof.  A.  E..  Heins 

Cornell  University 

School  of  Electrical  Engineering 

Ithaca,  New  York 

ATTN:  Prof*  G.  C.  Dalman 

University  of  Florida 

Department  of  Electrical  Engineering 

Gainesville,  Florida 

ATTN:  Prof.'  M.  H,  Latour,  Library 

Library 

Georgia  Institute  of  Technology 
Engineering  Experiment  Station 
Atlanta,  Georgia 

ATTN:  Mrs..  J.  H.  Crosland,  Librarian 

Harvard  University 
Technical  Reports  Collection 
Gordon  McKay  Library,  303A  Pierce  Hall 
Oxford  Street,  Cambridge  38,  Massachusetts 
ATTN:  Librarian 
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University  of  Illinois  1 

Documents  Division  library 
Urbana,  Illinois 

University  of  Illinois  IL 

College  of  Engineering 
Urbana,  Illinois 

ATTN:  Dr.  P.  E.  Mayes,  Department  of 
Electrical  Engineering 

The  Johns  Hopkins  University  1 

Homewood  Campus 

Department  of  Physics 

Baltimore  18,  Maryland 

ATTN:  Dr.  Donald  E.  Kerr 

Sandia  Corporation  1 

ATTN:  Organization  lii23 
Sandia  Base 

Albuquerque,  New  Mexico 

Applied  Physics  Laboratory  1 

The  Johns  Hopkins  University 

8621  Georgia  Avenue 

Silver  Spring,  Maryland 

ATTN:  Mr.  George  L.  Seielstad 

Massachusetts  Institute  of  Technology  1 

Research  Laboratory  of  Electronics 
Room  20B-221 

Cambridge  39,  Massachusetts 
ATTN:  John  H.  Hewitt 

Massachusetts  Inst^-tute  of  Technology  1 

Lincoln  Laboratory 
P.O.Box  73 

Lexington  73,  Massachusetts 
ATTN:  Document  Room  A~229 

University  of  Michigan  1 

Electronic  Defense  Group 

Engineering  Research  Institute 

Ann  Arbor,  Michigan 

ATTN:  J.  A.  Boyd,  Supervisor 

via;  Facililgr  Secuirity  Officer 
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University  of  Michigan 
Engineering  Eesea3?«fci,  Institute 
WilloTJ-  Run  Laboratoales 
Willow  Run  Aiiport 
Tpsilanti,  Michigan 
ATTN:  Libraidan 

via:  Facility  Security  officer 

University  of  Minnesota  . 

Minneapolis  ll|.j|  Minnesota 

ATTN:  Mr^  Robert  H.  Stunuiii  Library 

New  York  University 

Institute  of  Mathematical  Sciences 

Room  802,  2*5  Waverly  Place 

New  York  3,  New  York 

ATTN:  Professor  Morris  Kline 

Noirthwestem  University 
Microwave  Laboratories 
Evanston,  Illinois 
ATTN:  R,  E.  Beam 

Ohio  State  University  Research  Foundation 
lllU  Kinnear  Road 
Columbus  8,  Ohio 
ATTN;  Dr*  T,  E.  ,Tice 

Department  of  Electrical  Engineering 

The  University  of  Oklahoma 
Research  Institute 
Norman,  Oklahoma 

ATTN;  Prof*  c,  L*  Farrar,  Chairman 
Electrical  Engineering 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
55  Johnson  Street 
Brooklyn,  New  York 
ATTN:  Dr*  Arthur  A.  Oliner 

Polytechnic  Institute  uf  l^pookiyft 
Ui^tma.ve  Research 
55  ijohuson  Street 

8»o,03^yn,  New 

HTfNt  Mr.  A.  E.  Laeffliil 
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5y-racu.se  tlni-persity  Research  Institute 
Collendale  Campus 
Syracuse  10,  New  York 
ATTN;  Dr,  C«,S.  Grove,  Jr, 

Director  of  Engineering  Research 

The  Uni-versity  of  Texas 

Electrical  Engineering  Research  Laboratory 
P.O.  Box  8026,  University  Station 
Austin  12,  Texas 
ATTN:  Mr.  John  R.  Gerhardt 
Assistant  Director 

The  University  of  Texas 
Defense  Research  Laboratoiy 
Austin,  Texas 

ATTN:  Claude  W.  Horton,  Physics  Library 

University  of  Toronto 
Department  of  Electrical  Engr. 

Toronto,  Canada  ' 

ATTN;  Prdf.  G.  Sinclair 

Lowell  Technological  Institute 
Research  Foundation 
P.O.Box  709,  Lowell,  Massachusetts 
ATTN:  Dr.  Charles  R.  Mingins 

University  of  Washington 

Department  of  Electrical  Engineering 

Seattle  Washington 

ATTN:  G.  Held,  Associate  professor 

Stanford  University 
Stanford,  California 
ATTN ;  Dr.  Chodorow 

Microwave  Laboratory 

Physical  Science  Laboratoiy 

New  Mexico  College  of  Agriculture  and  Ifechanic  Arts 
State  College,  New  Mexico 
ATTN:  Mr.  H.  W.  Haas 

Brown  University 

Department  of  Electrical  Engineering 
Providence,  Rhode  Island 
ATTN:  Dr.  C.  M.  Angulo 
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Case  Institute  of  Technology 

Cleveland,  Ohio 

ATTN:  Profi  S.,  Seeley. 

Columbia  University 

Department  of  Electilcal  Engineering 

Momingside  Heists 

New  Torkj  New  York 

ATTN:  Dr*  Schle singer 

McGill  University 
Montreal,  Canada  .  .  .  ■ 

ATTN:  Prof«  G*  A.  Woonton 

Director,  The  Eaton  Electronics  Eesearch  Lab* 

Purdue  University 

Department  of  Electrical  Engineering 
Lafayette,  Indiana 
ATTN:  Dr.  Schultz 

The  Pennsylvania  State  University 
Department  of  Electrical  Engineering 
University  Park,  Pennsylvania 

University  of  Pennsylvania 
Institute  of  Cooperative  Research 
3ii00  WaLiut  Street^ 

Rhilatielphiai  Pennsylvania 

ATTN:  Dept*  of  Electrical  Engineering 

Electronics  Research  Labqratoy  ,  , 

Illinois  Institute  of  Technology 
3300  S.  Federal  Street 
Chicago  l6,  Illinois 
ATTN:  Dr.  George  I,  Cohn 

University  of  Tennessee 
Ferris  Hall 
W.  Cumberland  Avenue 
Knoxville  16,  Tennessee 

University  of  Wisconsin 

Department  of  Electrical  Engineering  , 

Madison,  Wisconsin 
ATTN:  Dr,  Scheite 
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Seattle  University: 

Department  of  Electrical  Engineering 
Brt^^ay  and  Madison 
Seattle  22,  WasMngton 
ATTN;  D*  K.  Reynolds 

Dr.  H.  Unz 
University  of  Kansas 
Electrical  Engineering  Department 
Lavnrence,  Kansas 

Illinois  Institute  of  Technology 
Technology  Center  .  •  :  ' 

Departnient  of  Electrical  Engineering 
Chicago  l6,  Illinois 
ATTN;  Paxil  0 .  Yuen  ■  . 

Electronics  Research  Laboratory 

Advisory  Group  on  Electronic  Parts  , 
Room  103,  Moore  School  Building 
200  South  33rd  Street 
Philadelphia  Ii,  Pennsylvania  ■ 
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